Abstract Let R be a 2-torsion-free prime ring with center Z(R), F a generalized derivation associated with a nonzero derivation d, L a Lie ideal of R. If ðdðuÞ l1 FðuÞ l2 dðuÞ l3 FðuÞ l4 . . . FðuÞ l k Þ n ¼ 0 for all u 2 L, where l 1 , l 2 , . . . , l k are fixed non-negative integers not all zero, and n is fixed positive integer, then L˝Z(R). We also examine the case when R is a semiprime ring. Finally, we apply the above result to Banach algebras.
Introduction
In all that follows, unless stated otherwise, R will be an associative ring, Z(R) the center of R, Q its Martindale quotient ring and U its Utumi quotient ring. The center of U, denoted by C, is called the extended centroid of R (we refer the reader to [1] for these objects). By a Banach algebra we shall mean complex normed algebra A whose underlying vector space is a Banach space. The Jacobson radical rad(A) of A is the intersection of all primitive ideals. If the Jacobson radical reduces to the zero element, A is called semisimple. For any x, y 2 R, the symbol [x, y] denotes the Lie product xy À yx. A ring R is called 2-torsion free, if whenever 2x = 0, with x 2 R, then x = 0. Recall that a ring R is prime if for any a, b 2 R, aRb = (0) implies a = 0 or b = 0, and is semiprime if for any a 2 R, aRa = (0) implies a = 0. An additive mapping d:R fi R is called a derivation if d(xy) = d(x)y + xd(y) holds for all x, y 2 R. In particular d is an inner derivation induced by an element a 2 R, if d(x) = [a, x] for all x 2 R. The standard identity s 4 in four variables is defined as follows:
where (À1) s is the sign of a permutation s of the symmetric group of degree 4.
Let us introduce the background of our investigation. Singer and Werner [2] obtained a fundamental result which stated investigation into the ranges of derivations on Banach algebras. In [2] , Singer and Werner proved that any continuous derivation on a commutative Banach algebra has the range in the Jacobson radical of the algebra. In this paper they conjectured that the continuity is not necessary. Thomas [3] verified this conjecture. It is clear that the same result of Singer and Werner does not hold in noncommutative Banach algebras because of inner derivations. Hence in this context a very interesting question is how to obtain noncommutative version of Singer-Werner theorem. A first answer to this problem has been obtained by Sinclair in [4] . He proved that every continuous derivation of a Banach algebra leaves primitive ideals of the algebra invariant. In [5] , Kim proved that if a noncommutative Banach algebra A admits a continuous linear
More recently, Park [6] 
In [9] , Bresˇar introduced the definition of generalized derivation: an additive mapping F:R fi R is called a generalized derivation if there exists a derivation d:R fi R such that F(xy) = F(x)y + xd(y) holds for all x, y 2 R, and d is called the associated derivation of F. Hence, the concept of generalized derivations covers both the concepts of a derivation and of a left multiplier (i.e., an additive mapping satisfying f(xy) = f(x)y for all x, y 2 R). Basic examples are derivations and generalized inner derivations (i.e., mappings of type x fi ax + xb for some a, b 2 R). We refer to call such mappings generalized inner derivations for the reason they present a generalization of the concept of inner derivations. In [10] , Hvala studied generalized derivations in the context of algebras on certain norm spaces. In [11] , Lee extended the definition of a generalized derivation as follows: by a generalized derivation we mean an additive mapping F:I fi U such that F(xy) = F(x)y + xd(y) holds for all x, y 2 I, where I is a dense left ideal of R and d is a derivation from I into U. Moreover, Lee also proved that every generalized derivation can be uniquely extended to a generalized derivation of U and thus all generalized derivations of R will be implicitly assumed to be defined on the whole of U. Lee obtained the following: every generalized derivation F on a dense left ideal of R can be uniquely extended to U and assumes the form F(x) = ax + d(x) for some a 2 U and a derivation d on U.
On the other hand, a well-known result of Herstein [12] states that if q is a right ideal of R such that u n = 0 for all u 2 q, where n is a fixed positive integers, then q = 0. In [13] , Chang and Lin considered the situation when d(u)u n = 0 for all u 2 q, where d is a nonzero derivation of R. In [14] , Dhara and De Filippis studied the case when u s H(u)u t = 0 for all u 2 L, where L a noncommutative Lie ideal of R, H a generalized derivation of R and s, t are fixed nonnegative integers. More precisely, they proved the following: Let R be a prime ring, H a nonzero generalized derivation of R and L a noncommutative Lie ideal of R. Suppose that u s H(u)u t = 0 for all u 2 L. Then R satisfies s 4 , the standard identity in four variables.
The present paper is motivated by the previous results and we here . . . FðuÞ l k Þ n ¼ 0 for all u 2 L, where l 1 , l 2 , . . . , l k are fixed nonnegative integers not all zero, and n is fixed positive integer, then L˝Z(R).
Proof. Suppose that L 6 # Z(R) . . . ða½x; y þ ½½q; x; y þ½x; ½q; yÞ l k Þ n ¼ 0 for all x, y 2 I. By Chuang [17, Theorem 2] , I and Q satisfy the same generalized polynomial identities (GPIs), we have ðð½½q; x; y þ ½x; ½q; yÞ l1 ða½x; yþ½½q; x; y þ ½x; ½q; yÞ l2 . . . ða½x; y þ½½q; x; y þ½x; ½q; yÞ l k Þ n ¼ 0 for all x, y 2 Q. In case center C of Q is infinite, we have ðð½½q; x; y þ½x; ½q; yÞ l1 ða½x; y þ½½q; x; y þ½x; ½q; yÞ l2 . . . ða½x; y þ½½q; x; y þ½x; ½q; yÞ l k Þ n ¼ 0 for all x; y 2 Q C C, where C is the algebraic closure of C. Since both Q and Q C C are prime and centrally closed [18, Theorem 2.5 and Theorem 3.5], we may replace R by Q or Q C C according as C is finite or infinite. Thus we may assume that R is centrally closed over C (i.e. RC = C) which is either finite or algebraically closed and ðð½½q; x; y þ ½x; ½q; yÞ l1 ða½x; y þ ½½q; x; y þ½x; ½q; yÞ l2 . . . ða½x; y þ ½½q; x; y þ½x; ½q; yÞ l k Þ n ¼ 0 for all x, y 2 R. By Martindale [19, Theorem 3] , RC (and so R) is a primitive ring which is isomorphic to a dense ring of linear transformations of a vector space V over a division ring D.
First of all, we want to show that v and qv are linearly Ddependent for all v 2 V. Since if qv = 0 then v, qv is Ddependent, suppose that qv " 0. If v and qv are D-independent, since dim V D P 3, then there exists w 2 V such that v, qv, w are also D-independent. By the density of R, there exists x, y 2 R such that: xv = 0, xqv = w, xw = v;yv = 0, yqv = 0, yw = v. These imply that v ¼ ðð½½q; x; yþ½x; ½q; yÞ l1 ða½x; y þ½½q; x; y þ½x; ½q; yÞ l2 . . . ða½x; y þ ½½q; x; y þ½x; ½q; yÞ
which is a contradiction. So we conclude that v and qv are linearly D-dependent for all v 2 V.
Our next goal is to show that there exists b 2 D such that qv = vb for all v 2 V. In fact, choose v, w 2 V linearly independent. Since dim V D P 3, then there exists u 2 V such that u, v, w are linearly independent, and so In this case R is a simple GPI-ring with 1, and so it is a central simple algebra finite dimensional over its center. By Lanski [20, Lemma 2] , it follows that there exists a suitable filed F such that R˝M k (F), the ring of all k · k matrices over F, and moreover M k (F) satisfies the same GPI as R.
Assume k P 3, by the same argument as in the above, we can get a contradiction.
Obviously if k = 1, then R is commutative, again a contradiction.
Thus we may assume that k = 2, i.e., R˝M 2 ½fðqÞ; fðyÞÞ l2 . . . ðfðaÞ½fðxÞ; fðyÞ þ ½½fðqÞ; fðxÞ; fðyÞ þ ½fðxÞ; ½fðqÞ; fðyÞÞ l k Þ n ¼ 0 so f(q) must be a diagonal matrix in M 2 (F). In particular, let f(x) = (1 À e ij )x(1 + e ij ) for i " j, then f(q) = q + (q ii À q jj )e ij , that is q ii = q jj for i " j. This implies that q is central in M 2 (F), which leads to d = 0, a contradiction. This completes the proof of the theorem. h
The following example demonstrates that R to be prime is essential in the hypothesis of Theorem 2.1. . . . FðuÞ lk Þ n ¼ 0 for all u 2 L, where l 1 , l 2 , . . . , l k and n are fixed positive integers, however L 6 # Z(R).
